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ABSTRACT. In his lost notebook, Ramanujan claimed
that the “circular” summation of n'" power of his
symmetric theta function f(a,b) satisfies a
factorization of the form f(a,b)F(ab). In this paper,
we obtain new circular summation formula of theta
functions using the theory of elliptic functions. As an
application, we also obtain few interesting identity of
the theta functions.
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1. INTRODUCTION

function by

(1)

fla,b) = Z a1/ 2pn(n=1)/2 lab] < 1.

n=—oo

In Ramanujan’s notation [2, Ch.16, pp.34], we define the general theta

For ¢ = €™7 and Im(r) > 0, the classical Jacobi’s theta functions 0;(z|7),

1 =1,2,3,4 are defined as follows:

(2)

3)

0o
01(Z|7') — —iq1/4 Z (_1)mqm(m+l)e(2m+l)iz’
m=—00
0o
92(Z|T) — q1/4 Z (_1)mqm(m+1)e(2m+1)iz,
m=—o00
> 2
93(Z|T) — Z qm eQmiz’
m=—o00
> 2
o) = D (T

m=-—0o0
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We get the following properties of 6;(z|7),7 = 1,2, 3,4 employing (2)-(5):

) O1(z+7|T) = —01(2|7), O1(z+7r|T) = —¢ Le 201 (2|7),
) 0a(
8) O3(z+m|7T) =03(z|7), O3(z+wr|r) =q e 2#03(z2|7),
9) (

6

7 z+wT) = —02(z|7), O2(z+n7|T) = q_le_%zeg(zh) ,

—~ o~

04(z + w|T) = 04(2|7), Oa(z+77|T) = —q_le_giz04(z\7) .

Applying induction on (6)-(9), we obtain

(10) 01(z +nnr|T) = (—1)"q_"26_2"i201 (z|7),
(11) O2(z +nmrlr) = g e 2MEgy(z|r),
(12) 03(z +nmrlr) = g e 2MEgg(z|r),
(13) 04(z +nmr|T) = (—1)"q_"26_2"i294 (z|71).

On page 54 of his lost notebook [14] (see also [1, pp.337]), Ramanujan recorded
a statement which is now known as Ramanujan’s circular summation:

Theorem 1.1. For any positive integer n > 2, if
U, = ar(r+l)/2nbr(r—l)/2n and V, = ar(r—l)/2nbr(r+l)/2n,
then

n—1

U V-
Sor s ("—+ ”—) — /(a,b)Fi(ab),
— U?" U?"
r=0
where
Fn(q) =1+2ngD/2 4 ... n>3.

Ramanujan’s circular summation can be restated in terms of classical theta
function 03(z|7) defined by (4).

Theorem 1.2. For any positive integer n > 2,
n—1 5 ]
Z 7" er“e;}(z + knrinT) = Fn(7)03(2|7),
k=0

where

Fo(r)=142n¢g" 1t 4+....
The proof of Theorem 1.1 was given by S. S. Rangachari in [15], by using
Mumford’s theory of theta functions [12] and few results on weight
polynomials in coding theory. Later, Son [18] gave much elementary proof of
Theorem 1.1. Recently, Xu [19] has given a very elementary and neat proof
of the circular summation formula.

Applying the theory of elliptic functions, H. H. Chan, Z. G. Liu and S. T. Ng
proved a dual form of Ramanujan’s circular summation in. M. Boon, M. L.
Glasser, J. Zak and 1. J. Zucker [8] have proved an additive decomposition of
03. A general result that unifies the results of [8] and [9] is proved by Zeng
[20]: For a, b, n and k any positive integers with k = a + b,

1
z Yy mws| T - Yy  wS| T
2 (ot ot ) B 6

kn2

ab’ kn?

) = %33 (a,b; A L)HS(ZV)’
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where

“+o0

2 2 2 2 .
C33(a,byy, T) = kn > gmitrmat g o2k(mattma)iy,

M, Mg N1, Np=—00

my+etmatng oy =0

For more recent works on Ramanujan’s circular summation one may refer [6],
(7], [10], [13], [11], [16], [22], [23], [4], [9], [5] and [21].

Motivated by these works, in particular the works of Y. Cai, Y. Q. Bi and
Q-M Luo [5], we obtain new Ramanujan’s summation summation for four
theta functions employing elliptic functions. In Section 2, we obtain our
main results. In Section 3, we obtain interesting identities from the main
results. Finally, we conclude the paper with some application.

2. MAIN RESULTS

Theorem 2.1. Let a, b, ¢, [, m and n are positive integers with a4+b+4c = m.
If a, b, ¢ are even, then we have

Imn—1
Z Y s T b % Y TS T
01 +24 | —)0 =+ + = |—
sz:;) ' (lm’n, a Ilmn lmn2> Q(Zmn + b + Ilmn lmn2>
(14)
ng(i+y+ ) 29123(a b,c; -2 )03(z|r),
Imn Imn 2 abe’ lmn?
where
F1a3(a, b, c;y, T)
a+b too
= Imni®q 4 Z (_1)“1+"'+ua

UL,y Uq V1, Vp, Wy We=—00
2(ur+-+ugtvi+-FvpF+wr+--+we)+a+b=0

Xqu1+~-~ua+v1+<-~vb +w1+--~wc+u1+<-~ua+v1+~-~+vb

(15) ><eQ{bc(ul 4+ Fug)+tac(vr +~-~+vb)+ab(w1+---+wc)+abc}iy‘

Theorem 2.2. Let a, b, ¢, I, m and n are positive integers with a+b+c = m.
If a, b, ¢ are even, then we have

Imn—1

Z 9f< z +g+ s

Imn a Ilmn
s=0

) (o 6 T )

(16)
Y s T

z
x 6 =4+ —
4(lm + c + Imn | lmn?2

) = F194 (a b, c; 03(z|7),

b T2
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where
.a a+b
Fi24(a,b,c;y, 7) = lmni®q 4
—+o0
Ut UgFwp -t we
% Z (—1)% atwi c
UL,y Ug V1, ,Vp, W, We=—00

2(u1+-tugtvr+-tvptwi o we) +a+b=0

Xqujf-&----U§+vf+~--v§+wf+-'-w§+u1+~--ua+v1+~--+vb

(17) XeZ{bc(ul +-tug)tac(vy 4 +vp ) Fab(wy +.,.+wc)+abc}iy.

Theorem 2.3. Let a, b, ¢, I, m and n are positive integers with a4+b+c = m.
If a, b, c are even, then we have

Imn—1
z Y s T bl Z y s T
pa(- 2+ Y [ T
SZ:;J 1(lmn + a + lmn‘lmnz) 3(lmn + b + Ilmn lmn2)
(18)
z y s T y
x04 ( —— - —|— ) =% 7ba;_a—9 )
4<lmn + c + Imn lmnz) 134 (a ¢ abe lmn2> 3(2I7)
where

Fi3a(a,b,c;y, 7) = lmm’aq%

“+ o0
% Z (_1)u1+~~+ua+w1+~~~+wc

ULy U,V Vp WL, We=—00

2(ur+-tuatvitFvptwittwe)+a=0

gt uh ol b v twi bt wl fur o tua

(19) Xe[Q{bc(ul 4 tug)tac(vi+--4vp)+ab(wy +--~+wc)}+abc]iy.

Theorem 2.4. Let a, b, ¢, I, m and n are positive integers with a+b+c = m.
If a, b, ¢ are even, then we have

Imn—1

z Y s T - y s T
sz:;) 93(%4—54-% lmn2)93(%+5+% lmn2)

(20)
z y s T
| A L
% 4<lmn+ c +lmn Imn?

) = Fa34 (a, b, c; %, ﬁ)ei‘}(zh)’

where
Faza(a,b,c;y,T)

+oo
= lmnq7 > (—1)wrttwe

UL, Uq, V1,0 Up W, We=—00
2(ur+--tugtvit-tvptwi+-twe)+a=0

Xqu%-&-'~-u(21+v%+'~-v§+w%+'--+wf+w+--'+ua

(21) wel2{be(uit+ug)tac(vi+--+vp)+ab(wi +---+we) }+abeliy
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Theorem 2.5. Let a, b, ¢, d, k, [, m and n are positive integers with
a+b+c+d=m. If a, b, ¢, d are even, then we have

klmn—1
z Yy b z Yy
s;) ot (klmn + a + kimn ‘ klmn?2 >02 (klmn b klmn klmn2>
z Y d Yy
05 (klmn + ¢ klmn ‘ klmn? >94 (klmn E klmn klmn2 )
(22) = F1234 (a b,c, d d klr:L ) 03(z|7),
where

) a+b
F1234(a, b, ¢, d;y, 7) = klmni®q ™4
+ o0
> Z (_1)u1+---+ua+w1+--~+zd
ULy Uq V4 Vp W - We, T 4o T g =— 00
2(ur+-tugtvi+-Fvptwy +wetx1 o tag)
+a+b=0

Xqu%+~‘ui+v%+~~v§+wf+~~+w2+x%+~‘+m§+u1+~~+ua+v1+m+vb

(23) Xe[2{bc(u1 4+ tug)tac(vy +~~'+vb)+ab(w1+~~+wc)}+abc]iy.

Proof: Let f(z) be the left side of (14). Then

flz+m) =

tmn 1 z y s T z y s T
pa( =4+ 2 4 2 | T \pb( 4 L4 T° | °

; 1<lmn+a+lmn lmnz) 2<lmn+ b+lmn lmn2)

§<%+ . % zan2) +9?(ﬁ+%‘lm:z2)

c
(24) GQ(LJFE T )eg( z +€‘

Imn  bllmn? Imn ¢ lan)'

fz+m) =

tmn Y s T bl 2 y s T
8+ 2+ e )
0

Imn !l lmn? Imn b Imn!llmn?

3(lmn toT % ﬁ) + (_1)a+59%(ﬁ + %’lmn2>
) % G * bl i) (o * )

Since a and b are even, we have from (24) and (25)

(26) flz+7) = f(2).
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Again from (24) and a, b, ¢ even, we have

Imn—1
z Y s T T
S A
Jetmm) ; ! (lmn + a + Ilmn +onm Imn?2 | lmn?

z y s T T z y s T T
B el L o ol
2\imn + b + Ilmn o Imn2 | lmn2/ 3 \imn + c + Imn +mrlmn2 Ilmn?

Imn—1
1 —2is ol Z Y s T bl 2 y s T
- g2+ Y T T ey (2 Yy T T
4€ S:ZO 1(lmn_’_a—}_lmn lmn2> 2(lmn—'—b_’_lmn lmn2>
(27)
z y s T Y
% eg(lmn + E+ Imn lmn2> -1 e mf(z)'

By (26) and (27), we have constructed an elliptic function f(z)/03(z|7) with
double periods 7w and 77 and only have a simple pole at z = /2 + 77/2 in
the period parallelogram. Hence the function f(z)/03(z|7) is a constant, say
Fi23(a,b,c;y, 7), ie.

f(z)
03(z|7)

= F123(a'7 ba Gy, T)03(2|T)’

or, equivalently

f(z) = Fias(a,b,c;y, 7)03(2|7T).

Hence
tmn 1 z y s T z y s T
B L el o o)
52:%) Nimn * a + Ilmn lan) 2\lmn + b + Imn | lmn?
z s T
(28) 05 (7 + 2 4+ |- ) = Fiaa(a,b iy, 70 (27).
Ilmn c  Imnllmn
Employing (2), (3) and (5), we obtain
oo 5 ]
Fias(a, by, 7)Y g™ ¥
m=—oo
ath Imn—1 00
_ (71)aiaq—2‘4lmn Z Z (71)u1+-..+uc
S=0 U1, UG,V1, UV, W1, " ,We=—00

u%+--»+u3+v%+---+vg+w%+---+w§+u1+--»+ua+v1+»-»+vb
X q Inm?2

{2(u1+-tuatvi+--Foptwy+---twe)tatb}
X e Imn vz

{2(u1+---+ua)+a +2(’U1+"'+Ua)+b
a b

+w1+"c'+wa}

i
X e Y

(29)

{2(ug+-tuatvi+-Fvptwy +---twe)tatb} .
X e Imn s,
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The constant term on both sides of (29), we have

F123(a'7 b1 Yy, T)

—+oo
b
. a LQ_ w4 tue
= lmni®qaimn (-1)
UL, Ua, V1, U, W, We=—00

2(u1+--+ugtvi+--+vp+
w1+ we)+a+b=0
uftotu2 o4 o2 twdtotwZdug o tug ooty
X q Inm?2

2{bc(uy+---tug)tac(vi+---+vg)tab(wy+---+wg)+abe} .
X e abc Y.

It is clear that

F123(a7 b1 Y, T) = 9123 <a1 b) (& ia L) )
abc’ lmmn?

where
9123 (a7 b? ¢y, T)

+b =
= lmni%q 1 Z (—1)vrt - tua

UL,y Uq V1, Vp WL, We=—00

2(ur+-tugtvi+-Fvptwi +--Fwe) +a+b=0

xgUitua it vl b e witur e uatvr oty

we2{be(ur+-+ua)tac(vi+-+vp)+ab(wi+:+we)+abctiy

This complete the proof of Theorem 2.1.
Proof of Theorem 2.2 — 2.5 are similar.

3. INTERESTING IDENTITIES OF MAIN RESULTS

L. C. Shen [17] has obtained the Fourier series expansion of triple product
of Jacobi theta functions. These expansion can be converted into difference
of theta functions as follows:

Lemma 3.1. From (2), (3), (4) and (5), we have
01(2|7)02(z|7)03(2|T)
(30) = —ig®? (% ¢*)% {e 70432 + 2n7|37) — e 4204(32 — 2n7|37)},

01(z|7)02(z|7)04(2|T)
(31) =iq®%(¢%; ¢*) 2 {e*%03(32 + 2n7|37) — e 4%03(32 — 2n7|37)},

01(2|7)03(2|7)04(2|T)
(32) = iq5/4(q2; q2)§o{621292 Bz +77|37) — e 2izg, 3z —77|37)},

02(2|7)03(2|7)04(2|T)
(33) = —iql/2(q2; qz)go{emzel Bz +77|37) — e~ 2%, B3z —77|37)}.
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Proof: We have from [17, Proposition 2.1]

01(2|7)62(2[7)03(z|T)

o0

=20*2(¢%¢)% Y (~1)"¢* 1 sin(6n + 4)z
n=—oo
ad 2

_ —iq3/2(q2; q2)go Z (_1)nq3n +4n (e(6n+4)iz _ e—(6n+4)z’z)

n=—oo

i 2

— _iq3/2(q2;q2)go <e4iz Z (_1)nq3n €2ni(27r'r+3z)

n=—oo

(34) 76747;2 Z (71)nq3n262ni(27r7'73z))'

n=—oo

We obtain (30) by replacing n by —n in second summation and by the
definition of 64(z|7) (5). Similarly, (31) and (33) can be proved. Now

01(z|7)03(=|7)04(2|T)

o0
2
=2¢"%(% )% D ¢ T sin(6n + 1)z

n=-—o00
0o ) . 0o R )
— iql/4(q2;q2)go( Z q3n +n67(6n+1)zz _ Z q3n +ne(6n+1)1z)
n=—oo n=-—o00
. © 2 .
_ iq5/4(q2; q2)go (emz Z an —3n61(2n—1)(3z+ﬂ"r)
n=-—o0

(35)

o>
_e—2iz Z q3n2 —Bnei(Zn—l)(Sz—TrT)) )

n=—oo

(32) is achieved by replacing n by —n in the first summation and n by n — 1
in the second summation and employing (3).

Theorems 2.1 — 2.4 are closely related with the Lemma 3.1.

Theorem 3.2. Setting a =b=c =1 in (14) and employing (30), we obtain

5 Z Y TS
Imn—1 641(—lmn+t+—lmn)04<3( z +%+ s ) 4 lfr:rfr:- |hi; )

lmn lmn
_ oA YA z Yy s\ _ 27T 371
s=0 € Tmn Tt T Tmn 6y 3(lmn + t + lmn) Imn? ' Tmn?

_ YT
(36) = <)£/123 (ta t,t; 3 ) T2 )03 (Z‘T)a
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where
')5/123 (t7 t: t7 Y, T)

! =
_ mn Z (_1)u1+~-+ut+w1+~-+wt

t(q2: g2)2t
@573 ey ey = — 0o
uy+-tug vt tvgtwr - we+t=0

x gt tuitot tooboftwl b witur o fupbor ooy

(37) s 2{8? (w1t Fugtor o opfwr oo twg )+t iy

On setting a = b = ¢ = ¢ in identities in (16), (18) and (20) and employing
identities (31), (32) and (33) respectively, we obtain similar results.

4. APPLICATIONS OF MAIN RESULTS

In this Section, we gives some special cases of Theorems 2.1 — 2.5 and obtain
some interesting identities of theta functions.

Corollary 4.1. For [ and n positive even integers, we have

6ln—1
3 Q(L Yy EL>92<_+E EL)
= N6in 2 6lnl6n2/ 2\6ln ' 2 ' 6lnl6ln2
(38)
2LEEL:,2’L2‘L2 T
3(Gln 2 " 6ln 6ln2) 6o (0 61n2)02 (0 6ln2>03 (0 61n2)03(z|T)
Proof: Setting a =b=c=2in (14)
Z123(2,2,2;y,7) = —6ing
400
Z (_1)U1+uaquf+u§+v%+v§+wf+w§+m+u2+v1+v2
U1,U2,V1,V2,W1 ,W2=—00

ul+tug+tvitvetw;t+wa+2=0
w B{(w1tur)+(vitv2)+(wi+w2)+2}iy

—+o00
= —6lngq Z (—1)”1+ua q“%+ug+1’%+v§+w%+w§+m+U2+v1+v2

ul,u2,v1,v2, W1, W2=—00
(39)
= 6In63(0|7)02(0|7)62(0|7).

Changing 7 by &I in (39), we obtain Corollary 4.1.

Setting | =n =1 in Corollary 4.1,
> z Yy TS| T z Yy s T

He 4 G R 9
;16+2+6626+2+6 6

(40) - 602 (0‘%)93 (0‘%)93 (O|%)03(z|7).

Setting z — 6z, y — 2y and 7 — 67 in (40) and simplifying, we obtain

T z Yy s
N2 (242 4 22
6) 3(6+2+ 6

31



32

Y. Jamudulia and S. N. Fathima

0% (2 + y|r)03 (= +y|T)03 (= + yl7) + 63 (= + y|m)03 (= + y|7)6% (= + ylT)

+61<z+y—§‘ )02<z+y——‘ )94<z+y——‘ >+91(z+y+3’ )
9%(z+y+%‘r)9§(z+y+3‘ ) +0 (z—i—y——‘ )92<z+y—g‘ 7)
MEEE SIVTRUS CYIRNE SIS
(41)

= 607 (0|7)03(0|7)03(0|7)03(62|67).

Setting y = 0 in (41), we obtain
0 (=4 2|r)3 (= + | )3 (= + 5 |r) +oi (= - 2|r)e3 (= - 5 |7)
93(2— % T) —92(z—g )02(z—g )94(z— g T) +¢9%(z— g"l’)

Qg(z— g‘r)@%(z— g’T)

More similar identities can be obtain from Theorem 2.2 — 2.5.

Remark: The Jacobi transformation formulas for theta functions on applying
Jacobi imaginary transformation formulas are given by

n(Z]-2) = v o),

T T

92(3‘_1) = \/——iTcizz/“"'94(z|T),
T T

93(3—1) = \/—ireiZZ/“793(z|7'),
T T

94(i —l) = \/—iTeiZQ/“TGQ(zh-).
T T

Using the above identities, we can obtain imaginary transformation formulas
of our Main results.
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